
An analysis of nonlinearity and chaos in financial markets

Abstract: This research analyzes the possible existence of nonlinear patterns and chaotic nature of two of the most relevant stock exchange of the world: Dow Jones and Nikkei. For this purpose a conceptual and methodological framework that encompasses a large number of techniques for the analysis of non-linearity and deterministic behavior including detection of low dimension of chaos is stated. Our results suggest that although there has been found a dominant nonlinear structure in stock exchange, determinism cannot be assumed and hence chaos cannot be inferred. 

Keywords: Stock exchange, Nonlinear dynamics, Efficient Market Hypothesis, 

1. Introduction

Traditional methods for modeling financial time series have assumed hypotheses like linearity or efficient market. Unfortunately, they have shown unable to explain particular phenomena or specific events like bubbles or recessions caused by abrupt changes in the price of raw materials. Moreover, in recent decades, the rapid spread of Information and Communication Technologies, the globalization of the world economy and the emergence of sophisticated new financial instruments have generated an exponential increase in the time series complexity. Consequently, it has arisen an interest and the necessity of alternative methods derived from other scientific fields, to model the dynamics of financial series, specially, for detecting a possible deterministic nonlinear and chaotic behavior.


Many scholars have empirically studied the existence of nonlinear dynamics in financial series (Olmedo et al., 2007), meanwhile several theoretical models consistent with the presence of nonlinearity in asset prices have arisen (Sarantis, 2001). The nonlinear approach can capture the characteristics of the financial series and their sudden fluctuations, and, therefore, plays an important role in economic modeling (Matilla-García et al., 2010; Granger, 2008). The initial interest in applying nonlinear models has been extended to solve the question of whether the nonlinear dynamics have a stochastic or deterministic behavior. This issue is now a key point in the process of modeling and forecasting financial time series. The rise of new models that deal with the volatility present in financial time series, as the ARCH model (Engle, 1972); GARCH (Bollerslev, 1986) and EGARCH (Nelson, 1991), in consonance with the development of the chaos theory that can explain the effect of shocks on the stock markets as part of the endogenous dynamics of the series itself, constitute a fundamental contribution to solving this issue.

At the moment, in the literature there are two divergent positions concerning that nonlinear dependence is deterministic chaotic. Since the study from Scheinkman and LeBaron (1989) in which they find evidence of chaotic patterns in the US equity markets, some researches have suggested evidence of a chaotic behavior. These pioneering studies used a set of tests adapted from other fields that are quite sensitive to noise, a characteristic of financial series. However, recent studies, which use new methods that are more robust suggest that financial series are not chaotic, but stochastic. In this sense, McKenzie (2001) and BenSaïda and Litimi(2013) indicate that many studies do not reach a firm conclusion about the presence of chaos in financial markets due to an incorrect specification and to the approach applied. They remark that traditional tests should be applied to time series with a large number of observations and that are noise-free for robust and reliable conclusions.

The main goal of this research is to elucidate the behavior of stock markets, analyzing its dynamics and volatility. Through a comprehensive approach, using a wide spectrum of methods and tests we investigate the existence of nonlinearity and deterministic chaos in the series of daily stock prices on two stock markets of particular relevance: Dow Jones Indistrial Average and Nikkei. Overall, this work contributes to fill the gap in the international literature on nonlinear and chaotic behavior of stock markets as it uses a great variety of tools and includes the latest and more modern methods to uncover the underlying dynamics.

The rest of the paper is organized in the following way: In the second and third section, we describe the data sources used as well as the methodological process adopted in this investigation, respectively. Next, we expose and discuss the principal results obtained for the considered series, analyzing and presenting the evidences to favor and in opposition to the hypotheses of nonlinearity and chaotic regime, as well as the models adopted to explain the behavior of the analyzed series. Finally, in the last section, some conclusions are drawn out.
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To gain a more profound insight into the structure of financial markets, we analyze two different daily time series. Data span is from January, 1992 to July, 2013.  We consider close price from the following main stock market indices the Dow Jones Industrial Average (Dow Jones) and Nikkei 225 (Nikkei). All the data were taken from Yahoo Finance[footnoteRef:1]. Figure 1 shows the evolution of the two series over the sample period.  [1: http://finance.yahoo.com/] 


Table 1 shows the main descriptive statistics of the series. The Dow Jones series has a negative significant skewness (-0.51) whereas in the Nikkei it is positive. Therefore, both series do not become from a normal distribution, as supported by the Jarque-Bera test that shows a lower p-value than the value of significance (P-value <0,05).
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Methodological process

As a first step, we transformed the original price time series into log-returns. (from now on returns) of the original series. Then, we checked for the stationarity property by using three different techniques, namely Dickey and Fuller (ADF), Phillips and Perron (PP), and Kwiatkowski-Phillips-Schmidt-Shin (KPSS). Next, as some tests (.ie. like BDS test) are not robust to the presence of linear relationships, we remove the linear dependence, by means of ARMA models. The model was chosen following the criterion of Nelson et al. (1991). It consists of selecting the model ARMA (p, q) that has the minimum value according to the Information Schwarz Criteria (Schwarz, 1978). Subsequently the order of the model is increase until a model in which its residuals are not correlated is find (Barkoulas, 2012). 
Afterwards,  we modeled the conditional variance (from now on ARMA series) by fitting ARCH family models (GARCH and EGARCH). The specific models for each series can be found in Table 2. After estimating each model, we obtained standardized residuals (from now on GARCH and EGARCH series). Finally, by means of diverse procedures we analyze the possible nonlinear, chaotic behavior.
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Once the linear dependence has been eliminated from the data, we checked for non-inearity and randomness, by means of a wide battery of procedures. Specifically, we applied the following ones: Runs test (Wald and Wolfowitz, 1940), Keenan (1985), Tsay (1986), Teräsvirta (1983), White (1989), BDS (Brock et al., 1997) and Kaplan (1994).

The principal advantage of using such a wide set of instruments, is to obtain the most information of the nature of the series since, up to the date, none of the methods has proved to be efficient in detecting all the possible existing cases of dependence. Nevertheless, it is necessary to remember, that it has been demonstrated that some of them like the BDS, White or Kaplan, are more efficient (Barnet et al., 1997).

The BDS test is applied following the methodology suggested by Brock, which consists of applying it after eliminating the linear dependence. Thus, this test turns out to be an indirect method to analyze nonlinearity. If it rejects the null hypothesis, the series is nonlinear. This procedure is theoretically viable, since the calculations on the residuals of a autoregressive model, do not lose relevant information derived from the original series, if this latter becomes a not linear chaotic system, as demonstrates the theorem of Brock (1992). We applied the test BDS to the different series, in which already the linear dependence had been eliminated, taking into account different embedding dimensions (changing between 2 and 9)[footnoteRef:2].  [2:  Data not shown due to space limitations. Data is available under request] 


Kaplan's method is applied to series in which the functional form is unknown. Its aim is to determine if there is evidence of an underlying deterministic mechanism, i.e. the hypothesis that is contrasted is the stochastic linearity of the process. We considered that it verifies the hypothesis if the value of the statististic K, calculated for the original series (Ktest), is smaller than the values obtained for the surrogates of each series, define as the smallest value (Kmin) between the minimum and the mean minus two standard deviations (KS).  We took into account different values for the delay and embedding dimension parameters, and we didn´t obtain different conclusions. A total of 30 surrogates were generating from the original series, considering the same parameters of delay and embedding dimension. 


Chaotic behavior analysis

We applied the following methods to test the existence of chaotic dynamics.

Correlation Dimension

The correlation dimension (CD) quantifies the degree of complexity of the system and allows to distinguish a deterministic system from the random one. The theorem of Brock's residuals establishes that the residuals of a finite process autoregressive, will have the same dimension than the original series, i.e. that the dimension of the correlation should be invariant before these transformations (Brock, 1997).


Lyapunov Test

The Lyapunov exponent reflects the average rate of convergence or divergence of two paths that are very close points initially in the phase space. Positive values indicate the existence of a chaotic dynamics. Several algorithms have been described for calculating the Lyapunov exponent. One of the most common methods used is the Wolf's algorithm (Wolf et al., 1985) although it has been demonstrated that it is sensitive to the possible noise that could present a series (BenSaïda, 2014) and, therefore, it can give disturb the result. We used the algorithm described by Eckmann and Roulle (1985), since it can deal with noise. In addition, the distribution of this statistic has been described (Shintani and Linton, 2004). To generate the map F of the time series and to determine the parameters (L, m, q) of the neuronal network we followed the same procedure that BenSaïda (2014).


Matilla-Garcia and Ruiz Marin test (MGRM).
The MGRM test (Matilla-García and Ruiz Marin, 2010) does not need to reconstruct the attractor of the system as a previous step. In first instance, the values of the entropy modified of Shannon are calculated.  It is constructed based in the property that  in deterministic series the information or complexity derived from the entropy of permutation, does not increase when the number of symbols increases, once the saturation point is reached. The information or complexity is estimated by a linear regression considering as an explanatory variable the entropies. To realize the test, the parameters were fixed like m=4, k=2, and w=12. 

Recurrence Plots

The recurrence plots constitute a graphical tool composed by a point set in a square of dimension M×M, where the axes or the sides of the square (M), represent the chronological sequence of the vectors in the reconstructed space. This tool has the advantage that the only requirement is that the information is equispread. Its usefulness has been demonstrated for the detection of economic phenomena since it is the case of the economic bubbles (Guhathakurta, 2010).
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ARMA models


Returns series are shown in figure 1C-1D. They show a leptokurtic behavior, a negative skewness coefficient, (Table 1) and more fat-tails in comparison with those from a normal distribution. These characteristics are typical of financial returns (Fama, 1970 and 1965). Attending to Jarque-Bera's test results (Jarque and Bera 1987), the returns do not behave as a normal distribution does, which can be indicating that the series have not been generated by linear processes. The table 3 proves that the series of returns are I (0). 
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Following the criterion described we selected the best ARMA model for each series. Specifically we fitted an ARMA(2,5), and an ARMA(0,1) respectively (see Table 2). The analysis of the function of simple autocorrelation (FAS) and of the function of partial autocorrelation (FAP) on the returns, suggests the presence of nonlinear dependence. This is consistent with the existence of conditional heterocedasticity and other types of non-linearity, which are studied herein after. When examining results from the Runs test in the Dow Jones residuals of the ARMA fitted model, it can be concluded that it behaves in a random way. In addition, all the procedures used, but Kaplan, suggest the existence of nonlinearity in the series.

In the Nikkei index case, the runs test reports a random behavior. In addition, data seems to present some type of dependence since the test BDS shows significant results for the different embedding dimensions and epsilon considered. The existence of dependence is confirmed by the White (1989) and Teräsvirta (1983) test.

The residuals obtained after eliminating the linear dependency, present means values close to zero, are negative skewed and leptokurtic. Once again, they do not seem to follow a normal distribution (Jarque-Bera statistic≤0,005), which can be an indicator of the existence of an underlying, not linear component (Fang, 1994).
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Conditional variance models

Most of the methods have shown evidence in favor of the existence of nonlinearity. Particulary the BDS, one of the most robust and powerful methods (Barnet, 1997), corroborate the above affirmation. Once we detected the existence of nonlinearity, we employed the test of the multiplier of Lagrange for several orders (between 2 and 5) for both series. As all series presented evidence of heteroscedasticity, we applied models of the ARCH(q) family. In first instance, we fitted the best GARCH (p, q) model. The particular model was selected attending to the previously described criterion. Afterward, the standardized residuals were obtained.

The selected models were GARCH (2,1) and GARCH (1,1) for the Dow Jones, and the Nikkei respectively (Table 3). The latter is one of the most used models to deal with volatility (Barkoulas 2012). EGARCH models, unlike GARCH models, estimate the conditional variance, considering the sign of the innovation in the previous period. They successfully capture asymmetric response in the conditional variance and hence t they are suitable candidates to model financial processes. The chosen models were EGARCH (2,1) and EGARCH (1,1) for the Dow Jones, and the Nikkei series respectively (Table 3). The standardized residuals of all series, are less leptokurtic (with an average value of 4) that those from the ARMA models (Table 2). 
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Chaos analysis 

Nonlinearity Analysis

Since not linearity is a necessary condition (but not sufficient) for a chaotic behavior, we first analyze its existence in the series (Table 4). The Runs test rejects the hypothesis of randomness for the Dow Jones when applied to the standardized residuals of GARCH and EGARCH models. 

Although this test is not an empirical methode for nonlinearity, it can be considered an indicator of the series behavior, indicating evidence against the hypothesis of efficiency in the U.S stock market (Caraiari, 2012). In addition, the BDS test shows that still there is some type of dependence, compatibly with the existence of chaos, in the series of the standardized residuals obtained from the model EGARCH. In the case of the Index Nikkei, the BDS rejects the hypothesis of independence, for all the values of epsilon and the different dimensions of embedding considered.


Chaotic behavior


Correlation Dimension

The Correlation Dimension (CD) summary is shown in table 5, for several dimensions (from 2 up to 8) and for the optimal time delay value, according to the criterion of the maximum information. Results suggest that, in all the cases, except for the EGARCH model in the Dow Jones index, the CD gets higher as the embedding dimension increases, though being below than the expected value for a random process. Moreover, it is not observed, except in the latter series, saturation of the slope as the embedding dimension increases. Therefore, it is not possible to assure that the series are chaotic. Overall, there is sufficient evidence against the existence of a strange attractor, and if this is the case it might be of a high dimension.

Lyapunov test

We obtained negative significant exponents Lyapunov exponents in all cases. Thus, the assumption of chaotic behavior is rejected in all cases. 


Matilla-García and Ruiz Marin test (MGRM)

Results of the test MGRM test are positive in all the cases. Thus, the hypothesis of determinism is rejected.

Recurrence plots

[bookmark: _GoBack]In Figures 2 and 3 the recurrence plots are shown. For their construction the optimal values of both parameters, m the embedding dimension and  the delay,  were calculated as previously described (Fraser and Swinney, 1986 and Kennel et al., 1992). Likewise, the Euclidean distance has been chosen and the point of court of the radius (e) was defined as 10 % of the maximum distance between all the points of the phase space reconstructed (Zbilut, 1992). The points over the principal diagonal, represent the distance between the same vector and the same vector embedded in the phase space, thus segments parallel to the diagonal, indicate a chaotic behavior (Barkoulas, 2012). 

Only the Recurrence Plot, from the EGARCH model of the Nikkei index, shows parallel lines to the diagonal very homogeneous but quite different from those of the Roosler series (t=3, m=14), a wellknown chaotic series.
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5. Conclusions

In this work we have been analyzed the series of two of the principal stock exchange indexes (Dow Jones and Nikkei) and, therefore, the underlying dynamics of the assets markets that they represent. For this end, we have realized an exhaustive, integral and complete study of the possible existence of nonlinearity and chaotic regime. We have used recently developed procedures for testing nonlinearity and chaos.

According to our resuts, we can conclude that there is significant non-linear dependence in the stock markets. Part of the non-linear dependence is due to heterocedasticity and therefore it is adequate to use GARCH and EGARCH models in order to remove serial dependence from the filtered data by ARMA models. In addition, we do not find any clear evidence of a chaotic component. Our findings are in line with those suggested by others in relation with the dynamics of Dow Jones index. 

These findings are of great interest for the different agents who have relation with the operations on the stock markets: investment, brokers, finantial and credit institutions, etc., as well as for the regulators of the finantial markets.


Figure1: Evolution of the series and the returns over the sample period The upper plots  corresponds to the original data. The upper left figure shows the original data for the Dow Jones. The upper right figure corresponds to the original data for the Nikkei. The bottom figures corrrespond to returns from the Dowjones (left) and Nikkei (right) respectively
Figure 2: Recurrence plots for the Dow Jones. The upper left figure shows the recurrence plot for the returns series. The upper right figure corresponds to the recurrence plot for the residuals of the ARMA model. Bottom figures correspond to the residuals of the GARCH and EGARCH models.
Figure 3: Recurrence Plot for returns, ARMA, GARCH and EGARCH for Nikkei series. The upper left figure shows the RP for the returns series. The upper right figure corresponds to the recurrence plot for the residuals of the ARMA model. Bottom figures correspond to the residuals of the GARCH and EGARCH models.







