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Topic 10: Quantitative Risk Analysis - Probability Distributions 

 

Introduction to topic 

 

A key concept in quantitative risk analysis is the probability distribution.  Topic 10 describes the characteristics of 
common probability distributions.  This is needed in order to understand and apply Monte Carlo simulation. 

 

Learning outcomes from this topic 

On completion of this topic, you should: 

 Describe the characteristics of common probability distributions 

 

Copyright Notice 

COMMONWEALTH OF AUSTRALIA 

Copyright Regulation 1969 

WARNING  

This material has been copied and communicated to you 
by or on behalf of Curtin University of Technology 

pursuant to Part VB of the Copyright Act 1968 (the Act) 

The material in this communication may be subject to 
copyright under the Act. Any further copying or  

communication of this material by you may be the  
subject of copyright protection under the Act. 

Do not remove this notice 
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1.0 PROBABILITY DISTRIBUTIONS – INTRODUCTION  
1.1. Random Variable 
One of the basic concepts in probability theory is that of the random variable. When a characteristic is observed to 
assume different values in different situations, that characteristic is called a variable. By contrast if a characteristic 
retains the same value from situation to situation, it is called a constant. Examples of variables are heights of adult 
males, cost or duration of a project activity, the spots showing on tossing a die. A random variable has a value that 
changes from situation to situation. A random variable can be discrete or continuous: 
 Discrete Random Variable - A discrete random variable has numerical values are limited to specific values within 

a range. Counting will always result in discrete numerical data. Discrete data have values that are limited to specific 
points within a range of values. For example, the number of workers to be employed on a project will be 0, 1, 2 etc., 
but it cannot be say 2.7 or 3.2. Discrete data need not be just whole numbers. For example, shoe sizes are discrete 
data because they come in whole and half sizes, such as 8, 8.5, 9, but there cannot be values between shoes sizes 8 
and 8.5 Hence a discrete variable is characterised by 'gaps' between the values that the variable can assume.  

 Continuous Random Variable - A continuous random variable can take any value over a continuous range of 
value. Therefore the possible values of a continuous random variable are not isolated numbers but an entire span of 
numbers. Continuous data is usually based on the measure of a quantity. So continuous data are measurements that 
can include any value within a range. e.g., the length of someone’s foot. This can be measured in centimetres to any 
number of digits to the right of the decimal place, depending on the accuracy of the measuring device. In reality data 
cannot be really continuous as there are limitations on the ability to obtain accurate measurements. So the 
continuous data for foot lengths may be limited to, say, a hundredth of a centimetre. So whilst the data are 
conceptually continuous, and dealt with as such, the recorded data are discrete. In projects, the random variables of 
cost and time are most commonly continuous e.g. a cost element is estimated to be between $100 and $150 and the 
actual will be any value within the range 
 

1.2. Probability Distribution 

The range of possible values that a random variable can take and the probability of occurrence for each of these values 
can be modelled as a probability distribution, which is used to represent aleatoric (natural variability) and/or epistemic 
(knowledge) uncertainty.  The probability distribution sets out the probabilities for a set of value i.e. not the actual 
outcome but a theoretical outcome. The total of these probabilities in the probability distribution is 1. The probabilities 
can be structural, objective or subjective (see paper 9).  A probability distribution is very similar in nature to a 
frequency distribution. In particular a probability distribution is analogous to the relative frequency distribution, that is, 
they both show the proportion (not the number) of times a value is expected to occur. Therefore, whilst a frequency 
distribution is based on the outcomes that actually occurred, a probability distribution is based on probabilities of all the 
possible values that could result for a variable. A probability distribution has the same format as a frequency 
distribution, whereby the horizontal axis (x-axis) covers a range of possible values that the variable could take and the 
vertical axis (y-axis) gives a probability for value a within that range.  A discrete variable is represented by a discrete 
probability distribution and a continuous variable by a continuous probability distribution.  
 

1.3. Expected Value, Variance, Standard Deviation  

In Paper 8 we discovered how to describe the characteristics of frequency distributions by numerical measures such as 
the mean and standard deviation. Equally, we can describe probability distributions in similar terms:  
 
Expected Value (Mean) 
It is important to understand the difference between the various measures of central tendency in probability 
distributions. I.e. expected value (mean), median, mode. For a symmetrical distribution, these have the same value. For 
non-symmetrical distributions, such as skewed, these values are: 

 Mode – peak of the distribution, and often referred to as the ‘most likely’ or ‘most probable’ value  
 Expected value –the mean value for the distribution 
 Median –the 50% percentile i.e. 50% probability of being exceeded or not being exceeded  

 
Variance and Standard Deviation  
The variability or spread of a probability distribution is an important and informative factor, of which a main 
measurement is standard deviation, which is the square root of the variance. Variance is a measure of how much the 
distribution is spread from the expected value (mean). The standard deviation of a random variable indicates the extent 
of the dispersion or variability among values that the random variable may assume. The standard deviation of a 
probability distribution is analogous to the standard deviation of a frequency distribution, which is explained in Paper 8. 
Whilst the standard deviation for a frequency distribution measures average deviation from the mean, the standard 
deviation for a probability distribution measures average deviation from the EV.   
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2.0. PROBABILITY DISTRIBUTIONS – Discrete and Continuous 

2.1 Discrete Probability Distribution 
Every possible value of a discrete random variable can be assigned a probability to form a discrete probability 
distribution, which is a list of all the possible values of the random variable and the associated probabilities. The list can 
be in the form of a formula, table or chart (Figure 1).  

 

 

 

 

 

 

Fig 1 

For a discrete probability distribution, the expected value and variance are 

 
Expected Value =  x. p(x) 
Where: 
x  a value of the random variable  
P(x)  the probability of x occurring 

Variance =   (x- EV)2   *   P(x) 
Where: 
x   a value of the random variable  
EV   expected value of the random variable. 
(x - EV)    deviation from the EV for each value 
P(x)   the probability of x occurring 

Expected Value 
The EV of a discrete random variable is the weighted average of that variable's possible values, where the respective 
probabilities are used as weightings. The EV of a discrete random variable is arrived at by multiplying each possible 
value of the random variable by the probability of its occurrence, and then sum these products.  

Example: discrete probability distribution for a project activity is: 

Value (days) Probability (%) 

10 15 

14 60 

20 25 

EV for the duration of this project activity =   x. p(x) = 10(0.15) + 14(0.60) + 20(0.25) = 1.5 + 8.4 + 5.0 = 14.90 

Variance and Standard Deviation  
SD of a discrete probability distribution =   variance =    (x- EV)2   *   P(x) 

 

Example – Using previous example, where the EV for a project activity is 14.90 days, so: 

Variance =   (x - EV)2   *  P(x)  =   (x – 14.9) 2  *  P(x)  

= (10-14.9) 2 (.15) + (14-14.9) 2 (.60) + (20-14.9)2 (.25) = 3.60 + 0.48 + 6.50 = 10.58. 

Standard Deviation =  variance =  10.58   = 3.25 

One useful type of discrete probability distribution is the binomial, which is a yes/no distribution. It has only two 
values, each which its associated probability. For example, the probability of a risk event occurring; which is either yes 
it will occur (say 30% probability) or no it will not (say 70% probability).  

Value (days) Probability 
10 15 
14 60 
20 25 

10 14 20 

P 
R 
O 
B 
A 
B 
I 
L 
I 
T 
Y Table 

Chart 
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2.2 Continuous Probability Distributions 

A continuous random variable, unlike discrete random variables, can take any value over a continuous range of values. 
Therefore the possible values of a continuous random variable are not a discrete number of values but an entire span of 
values within a range. So it is not possible to assign probabilities to a particular possible value within the range as in a 
discrete probability distribution. A continuous probability distribution represent the probability for a continuous random 
variable. A continuous probability distribution assigns probabilities by means of areas under a curve known as the 
probability density function i.e., area is used to assign probabilities. A continuous probability distributions could be a 
convenient representation of a discrete distribution that have many possible outcomes, all very close to each other. 

As with discrete random variables, the probabilities of all the possible values of a continuous random variable must total 
1. Therefore the area between the curve and the x-axis (horizontal) must equal 1, because the curve represents all 
possible values and one of them will occur. This curve is useful in determining the probability that the random variable 
will take a value between two values and this probability corresponds to the area under the curve between these two 
values. Hence one of the key differences between discrete and continuous random variables is: 

 discrete variable - the probability of a single value occurring can be defined 

 continuous variable - probability is interpreted by area and only considered in terms of intervals between 
values rather than the probability of individual values. 

 

Risk analysts can specify a probability distribution for any project variable (e.g., duration of an activity; cost of a 
project item). Several types of continuous probability distribution exist, common ones including: Uniform; Triangular; 
Normal; Poisson; Binomial; Lognormal; Exponential; Beta. This paper will only deal with some commonly used 
continuous probability distributions  

 

2.3. Uniform Distribution 

In a continuous uniform distribution, all equal intervals in the range of the distribution have the same probability. The 
minimum and maximum values are fixed but all values between minimum and maximum are equally likely to occur 
(Figure 2). So a uniform distribution is useful when we can identify a range of possible values but are unable to decide 
which values are most likely to occur than others. So this distribution is useful where we only have a minimum and 
maximum value to go on and used as an approximation of uncertainty where there is little available data.  In practice, it 
has limited applications, although it is useful as it brings attention that the variable is very poorly known. The expected 
value (mean) will be the average of the two extreme values and there is no mode.  
 

Expected value =   min + max 

             2 

 

Variance  =     (max – min)2 

           12 

 

 

Fig 2 
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2.4. Triangular Distribution 
A triangular distribution is applied to variables where the minimum, maximum and most likely (i.e. mode) values can 
be estimated (Figure 3). (It is interesting to note that the ‘most likely’ is in effect the mode or peak of the probability 
distribution, although those stipulating the ‘most likely’ may be assuming it represents the mean or median. 
Mathematically the mean would be more appropriate but this is requires knowledge of all data within a distribution 
which is not practical so the mode/peak is used).  Where values near the minimum and maximum are less likely to 
occur than those near the most likely, then the triangular distribution provides a convenient means of representing this 
uncertainty.  The triangular distribution is the most commonly used distribution for modelling expert opinion and is 
sufficient for most practical situations. It is favoured because it is relatively easy to specify the minimum, maximum, 
and most likely values, it does not require dealing with standard deviations, and it can also be made exhibit the 
skewness often associated with the expected range of outcomes. In project applications to represent the cost or duration 
of a variable, the triangular distribution is typically skewed to the right because there is a practical restriction on how 
quick or cheap a variable will be but there is greater potential for a longer duration or higher cost i.e. a higher 
probability of exceeding the most likely value compare to being lower than the most likely. For example it is broadly 
suggested that for project activities, durations tend to have a 1:2 skew to the right (Chapman & Ward, 2011), e.g. if the 
most likely duration is 10 days and the minimum is 8 days, then the maximum would be 14 days. A problem with the 
triangular distribution is that is that setting an absolute maximum value may be unreliable where the maximum is 
difficult to determine. The triangular distribution may also overestimate the probability of values towards the tails 
(minimum and maximum) of the distribution and underestimate the shoulders in comparison with other distributions.  

 
Fig 3A 

For a triangular distribution, If a = min, b = most likely, c = max, then: 
Expected Value  =  a + b + c 
       3 

Variance =  a2 + b2 + c2  - ab – ac - bc 
   18 

 
Trigen (triangular generation) (Fig 3B) 
Trigen is a variation of the triangular distribution. It has three points: lowest, most likely, highest. The lowest and 
highest are set at selected percentile levels, typically P10-P90. For example, a Trigen of (20,60,100; 10,90) specifies a 
lowest (not absolute minimum) value of 20 (with 10% probability of being lower) , most likely 60 and highest (not 
absolute maximum)  of 100 (with 90% probability of being lower). Typically, people are subconsciously overconfident 
so they understate the minimum and maximum values for a variable. Furthermore, the minimum and maximum values 
in a triangular distribution are the absolute extreme values, which are often difficult to estimate. To counteract this, we 
may interpret the minimum and maximum values as being other possible extreme values. So, people may state the 
minimum and maximum is 20 and 100, but we reinterpret that these as simply ‘practical’ extremes and decide how 
likely they will be exceeded (e.g. P10-P90). So the values at the P10 and P90 are extended to arrive at the extreme 
values at P0 and P100, thereby widening the overall range of the distribution. It may not be appreciated that the final 
range of the Trigen distribution has been extended so it is wise to plot the distribution and agree before using it.  

Fig 3B 
 

 
 

Triang (20, 60, 100) (taller 
shape). Reinterpret  as:  
Trigen (20, 60, 100, P10, P90) 
(lower shape) 

P10 P90 

 20        60      100 
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2.5. Normal Distribution 

The importance of the normal distribution is that it has been found that quantitative data gathered for a wide variety of 
phenomena form distributions close to that of a normal distribution. So it is a reasonably good approximation for many 
situations. That is, values cluster around some central value with deviations above and below that value being equally 
likely and have decreasing frequency as the deviations increase (figure 4). However there is no way to be sure that a 
particular distribution closely follows a normal curve without collecting data and testing to see if the normal distribution 
provides a good fit. 

 

Fig 4 

A normal distribution has the following characteristics (Figure 4): 
 it has one mean, median, and mode. i.e., they all have the same value and lie at the centre of the curve 
 it has a single peak and is symmetrical around the mean 
 it is a bell-shaped curve, and spreads outwards and downwards 
 it is composed of an infinite number of cases. So the tails of the curve never touch the horizontal axis. 

 the probability that a variable will lie within (Fig 5): 
plus and minus  one    standard deviation   of its mean is  68.3% 
plus and minus  two     standard deviations of its mean is  95.4% 
plus and minus  three  standard deviations  of its mean is  99.7% 

 
Fig 5  
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The shape of the curve is determined by two factors - the mean and the standard deviation (see Figure 6). The mean 
determines the height and location whilst the standard deviation determines the spread.  

 

Fig 6  

Using z-score to calculate probabilities (see appendix for table) 
 

A project activity has been considered to be a normally distributed random variable with a mean of 120 hours and a 
standard deviation of 3 hours.  What is the probability of the project activity will take between 120 and 125 hours? 

 
1. Find the location on the normal distribution curve corresponding to these two values (i.e., 120 and 125 hours).  

 
The location of these two values are each expressed in terms of the position from the expected value, by the amount 
of standard deviation from the expected value. This is known as the Z score,  which is the number of 
standard deviations from x to the mean, and the formula is 

 
 
Z = (x-mean) / SD 
  x is any value on the normal distribution curve 
  z is the number of standard deviations from x to the mean

 
So: 

The Z score for  120 =  (120-120)/3 =  0  standard deviations 
 
The Z score for 125  = (125-120)/3 =  +1.67 standard deviations 

 
2.. Determine the area under the Normal curve between the z scores of the two values 
 
-We must determine the area between 0 and +1.67, as this area = probability. The area between any two points under a 
normal distribution curve can be calculated using a Normal Probability Distribution Table (see Appendix).  
 
This table shows that a z score 1.67 of results in a 0.4525 probability that task will take 120-125 hours 

 

Normal distributions 

Identical mean 

Different standard deviation 

Normal distributions 

Different mean 

Same standard deviation 
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2.6. BetaPERT Distribution 

Beta distributions have a smooth curve rising from zero likelihood to a rounded peak, before falling away again to zero, 
and can be skewed– see figure 7 below.  However, it requires some rather obscure parameters to describe it. A special 
version of a beta distribution is the PERT (Program Evaluation and Review Technique) distribution, which is defined 
by minimum, most likely maximum values, so in that regard it is like a triangular distribution. The PERT distribution 
assumes that mean = (minimum + 4* most-likely + maximum)/6. This allows the shape to be derived from three values 
– minimum, most-likely, maximum – so it can be used as a pragmatic and readily understandable distribution that can 
be based on expert opinion. It may be considered as superior to the triangular distribution when the parameters result in 
a skewed distribution, as the smooth shape of the curve places less emphasis in the direction of skew.  The mean is four 
times more sensitive to the most likely value that minimum and maximum values, compared to the triangular where the 
mean is sensitive equally to all three values. Therefore the mean and standard deviation in a BetaPERT distribution is 
not overly biased by highly skewed distributions caused by an extreme maximum value, compared to the triangular 
distribution. So where it is considered that a cost variable has a quiet high pessimistic/maximum value, relative to its 
most likely and optimistic/low value, and this pessimistic value has a low likelihood, then a BetaPERT may be 
appropriate. The BetaPERT is useful if we are confident that the most likely value is based on good information and/or 
opinion, and we have lesser confidence in the extreme values. 
 
In contrast, the triangular may be preferred because in distributions skewed to the right (i.e. skewed to pessimistic 
maximum value), the triangular will have a ‘fat tail” (ie greater probability of higher pessimistic values), which offsets 
people’s unwillingness to state their true pessimistic estimate. So for a set of minimum, most likely and maximum 
values for a variable, the triangular will have a mean and median further away from the most likely than a BetaPERT, 
and a larger standard deviation. So a triangular is often used as it conveys a greater degree of uncertainty for a set of 
minimum, most likely and maximum values 

Fig 7 – Examples of BetaPERT distributions 

 

Expected value =   Min  +  4 Most Likely +  max 

                      6 

Variance  =    (EV-min)(max-EV) 

                 7 

 
2.7 Cumulative Distribution Function 
A probability density function can be displayed into a cumulative distribution function (figure 7). The CDF is simply the 
arithmetic summation of the probability density function. A continuous probability distribution helps to answer the 
question "what is the probability that a continuous random variable will be less or equal to a stated value?" Many 
cumulative distribution functions have the appearance of a stretched S shape and makes it difficult to identify its 
probability density function shape fromm which it is derived. 

 

 

 

 

 

 
Fig 7: Probability density function displayed into a cumulative distribution function 

 

Probability Density Function                              Cumulative Distribution Function 
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